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Abstract

The second-order harmonic balance method is used to construct three approximate frequency—amplitude relations for a
conservative nonlinear singular oscillator in which the restoring force is inversely proportional to the dependent variable.
Two procedures are used to solve the nonlinear differential equation approximately. In the first the differential equation is
rewritten in a form that does not contain the y~' expression, while in the second the differential equation is solved directly.
The approximate frequency obtained using the second procedure is more accurate than the frequency obtained with the
first one and the discrepancy between the approximate frequency and the exact one is lower than 1.28%.
© 2008 Elsevier Ltd. All rights reserved.

Mickens [1] has recently analyzed the nonlinear differential equation [2]
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with initial conditions
dy
3(0) = 4, ( dr>t=o 0 @

Mickens has also shown that all the motions corresponding to Eq. (1) are periodic [1,3]; the system
will oscillate within symmetric bounds [—A4, A], and the angular frequency and corresponding periodic
solution of the nonlinear oscillator are dependent on the amplitude 4. Integration of Eq. (1) gives the first
integral
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where the integration constant was evaluated using the initial conditions of Eq. (2). From Eq. (3), the
expression for the exact period, T..(A), for the nonlinear oscillator given by Eq. (1) taking into account the
initial conditions in Eq. (2) is

A dy
Tex(A) =4 / _. 4)
- 0 /2 log(4/y)
The transformation y = Ae” reduces this equation to the form
o 2 ﬁ
Tex(A) = 44/24 / e Cdr= 4J§A7 =22n4. (5)
0
From Eq. (5), the exact value for the angular frequency is given by the expression
2n 2n 2n 1.2533141
Oex(A) = = SRALp . (6)
Tex(4) 24274 24 A

It is difficult to solve nonlinear differential equations and, in general, it is often more difficult to obtain an
analytic approximation than a numerical one for a given nonlinear oscillatory system [3,4]. There are many
approaches for approximating solutions to nonlinear oscillatory systems. The most widely studied
approximation methods are the perturbation methods [5]. The simplest and perhaps one of the most useful
of these approximation methods is the Lindstedt—Poincaré perturbation method, whereby the solution is
analytically expanded in the power series of a small parameter [3]. To overcome this limitation, many new
perturbative techniques have been developed. Modified Lindstedt—Poincaré techniques [6-8], the homotopy
perturbation method [9-15] or linear delta expansion [16—18] are only some examples of them. A recent
detailed review of asymptotic methods for strongly nonlinear oscillators can be found in Ref. [4]. The
harmonic balance method is another procedure for determining analytical approximations to the periodic
solutions of differential equations by using a truncated Fourier series representation [3,19-25]. This method
can be applied to nonlinear oscillatory systems where the nonlinear terms are not small and no perturbation
parameter is required.

The main objective of this paper is to approximately solve Eq. (1) by applying the harmonic balance
method, and to compare the approximate frequency obtained with the exact one and with another
approximate frequency obtained applying the harmonic balance method to the same oscillatory system but
rewriting Eq. (1) in a way suggested previously by Mickens [1]. The approximate frequency derived here is
more accurate and closer to the exact solution. The error in the resulting frequency is reduced and the
maximum relative error is less than 1.3% for all values of A.

In order to approximately solve Eq. (1), Mickens has rewritten this equation in a form that does not contain
the y~! expression [1]

2
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It is possible to solve Eq. (7) by applying the harmonic balance method. Following the lowest order
harmonic balance method, a reasonable and simple initial approximation satisfying the conditions in Eq. (7)
would be

»1() = A cos wt. (8)
The substitution of Eq. (8) into Eq. (7) gives
—A’w?cos’wt+1=0, 9)
then expanding and simplifying the resulting expression gives

—%A2w2 + 1 + (higher-order harmonics) = 0 (10)
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and the solution for the angular frequency, wys(A4), is

V2 1414214
A)=—=—— 11
wumi(A) 1 1 (In
and the percentage error of this approximate frequency in relation to the exact one is
percentage error = w x 100 = 12.8%. (12)
€X
Mickens [1] also used the second-order harmonic balance approximation

¥,(1) = Ay cos wt + B, cos’ wt (13)

to the periodic solution of Eq. (7). Substitution of Eq. (13) into Eq. (7), simplifying the resulting expression
and equating the coefficients of the lowest harmonics to zero give two equations and taking into account that
A = A>+ B>, Mickens [1] obtained A, = 104/9 and B, = —A4/9, and the second-order approximate solution
(Eq. (13)) to Eq. (7) can be written as follows:

1 1
V() = KOA cos(wynt) — §A cos(3want), (14)

where the second-order approximate frequency, wy»(A), is given by

V162 1272792
104~ 4

wp2(A) = (15)

and the percentage error is

Dex ZOM2 100 = 1.55%. (16)

percentage error = ‘
a)CX

As we pointed out previously, the main objective of this paper is to solve Eq. (1) instead of Eq. (7) by
applying the harmonic balance method. Substitution of Eq. (8) into Eq. (1) gives
1

—Aw?* cos ot + —— =
A cos wt

(17)

In order to apply the first-order harmonic balance method to Eq. (17) we have to expand Eq. (17) and set
the coefficient of cos w? (the lowest order harmonic) equal to zero. For this, firstly we expand 1/4 coswt as a
Fourier series expansion:

1

Zaz,,+1 cos[(2n + 1)wit] = a; cos wt + a3 cosswt+ -, (18)
A cos wt =

where the first term of this expansion can be obtained by means of the following equation:

4 [ 1 2
=— 0do =—. 19
@ /0 A cos 0 cos A (19)
Substituting Eq. (18) into Eq. (17) and taking into account Eq. (19) gives
2
{—wz + ZJ cos wt + (higher-order harmonics) = 0. (20)
For the lowest order harmonic to be equal to zero, it is necessary to set the coefficient of cos wt equal to zero
in Eq. (20), then

V2 14142
A)=—=——. 21
wi(4) A A (21)
Consequently, in this limit, the low-order harmonic balance method applied to Eq. (1) gives exactly the

same results as the low-order harmonic balance method applied to Eq. (7).
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In order to obtain the next level of harmonic balance, we express the periodic solution to Eq. (1) with the
assigned conditions in Eq. (2) in the form of [19-22]

Y1) = yi(0) + u(o), (22)

where u(?) is the correction part, which is a periodic function of ¢ of period 2n/w and

du
u(0) =0, (E) . =0. (23)

Substituting Eq. (22) into Eq. (1) gives

d’y, d%u 1

ae tar o an =’ .

Wu and Lim [19-21] presented an approach by combining the harmonic balance method and the linearization
of nonlinear oscillation equation with respect to displacement increment only, u(¢). This harmonic balance
approach will be used to approximately solve Eq. (24). Linearizing the governing equation (24) with respect to
the correction u(¢) at y;(¢) leads to

Py dPu 1 u(t)

de " de Ty (0 Y0 25)
and
u(0) = 0, (%) = 0. (26)
=0

To obtain the second approximation to the solution, u(¢), in Eq. (22), which must satisfy the initial
conditions in Eq. (26), we take into account the second-order harmonic balance approximation in Eq. (13),
which can be written as follows:

Vo(t) = Ay cos wt + By cos’ wt = A cos wt — By cos wt + Bycos® wt = A cos wt + Bz(cos3 wt — cos wt),
27
where we have taken into account that 4 = 4,+ B,. From Egs. (8), (22) and (27) we can see that u(¢) takes the
form
u(f) = By(cos® wt — cos wt), (28)

where B, is a constant to be determined.
Substituting Egs. (22), (8) and (28) into Eq. (25), expanding the expression in a trigonometric series and
setting the coefficients of the terms cos wt and cos 3wt equal to zero, respectively, leads to

—(4 - By’ + %(A +2By) =0 (29)
and
—24 — 8322— 9B, A*w? o (30)
From Egs. (29) and (30) we can obtain B, and w, as follows:
Bwis = %(@ —6) = —0.0935424, (31

24+ 8B 1.2193273
owia(d) = | [Zo e = = (32)
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With this value for B,, Eq. (27) can be written as

20 — V22 V22 -6
Ywialt) = TA cos(owral) + ————— 2 A cos(Bwwrat). (33)

The percentage error for the second-order approximate frequency is

Wex — WWL2
Wex

x 100 = 2.71%, (34)

percentage error =

which is higher than the percentage error for the second approximate frequency obtained by Mickens when the
harmonic balance method is applied to Eq. (7).

Substitution of Eq. (22) into Eq. (1) does not give the same result as substitution of Eq. (8) into Eq. (7) and
application of the second-order harmonic balance method to Eq. (7) gives a more accurate frequency than
application of Wu and Lim’s approach to Eq. (1). These questions have been analyzed in detail in Refs. [23,25]
for other oscillators analyzed by the first-order harmonic balance method and one would wait to obtain better
results when the harmonic balance method is applied to Eq. (1) instead of to Eq. (7). This would be due to the
fact that when we substitute Eq. (13) into Eq. (7) we obtain an equation that includes only three even powers
of coswr: 1 (cos’ i), cos® wt and cos* wr and then there are only three contributions to the coefficient of the
first term 1 (cos’w?), from 1 (cos’ wf), cos® wt and cos* wz, and two contributions to the coefficient of the
second harmonic cos(2w1), from cos? wt and cos* wz, Therefore, substituting Eq. (13) into Eq. (7) produces
only three terms, 1, cos(2wf) and cos(4wt). However, Eq. (17) includes all odd powers of cos wt, which are

cos” ot with n =0, 1,2, ..., o0, and then there are infinite contributions to the coefficient of the first
. . 2n+1
harmonic cos wt, that is, 1 from cos wt, 3/4 from cos’ wt, 5/8 from cos® wt, ..., 27" < ) from cos®*! wt,
n

and so on. Therefore, substituting Eq. (27) into Eq. (1) produces the infinite set of higher harmonics, cos w¢,
cos3wt,...,cos[(2n+ 1)wt], and so on, and the second-order angular frequency in Eq. (32) would have to be
more accurate than the frequency given in Eq. (15). But we obtained the opposite result. The reason is that we
have not applied the exact second-harmonic balance method to Eq. (1), but a linearized approximation to this
method.

In order to verify this affirmation, we consider a new approach to obtain higher-order approximations using
the harmonic balance method. Instead of considering the assumption in Eq. (25), first we use the following
series expansion:

1 1 = . W)
= = -1 35
@O +u®)  yi O+ i (Ou@)] ;( ) NANG 3
and substituting Eq. (35) into Eq. (1) gives
&y, (=D""@) _
ar +W ZO i (30

To obtain the second approximation to the solution, u(¢), in Eq. (22), which must satisfy the initial
conditions in Eq. (23), takes the form

u(f) = Br(cos 3wt — cos wi) = 4B,(cos’ wt — cos i), (37

where ¢5 is a constant to be determined.
Substituting Egs. (8), (22) and (37) into Eq. (36) gives

4" B'(1 — cos® wt)"
—w?*(4 — By) cos wt — 9w’ B, cos 3wt + Z H(1 — cos” wi)

=0. 38
s A" cos wt %)

n=l

The formula that allows us to obtain (1 — cos® wt)" is

k
(1 = cos wit)" = Z( )( cos? wr)< —Z k(' (,,117{'), s wr. (39)
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Substituting Eq. (39) into Eq. (38) gives

4"n\B" (=¥ _
2 2 2 2k 1
—w” (4 — By)cos wt + 9w°B; cos 3wt + E s E k'(n — k)' wt = 0.

It is possible to state the following Fourier series expansion:
cos* Tt = Zbgj}rl cos[(2/ + Dwi] = b(lk) cos wt + bgk) cos 3wt +---,
=0
where
2(k — DIk +Y
Stk —j— DIG + k)!

4 1/2 3 .
B = /0 cos? 10 cos[(2] + 1)0]d0 =

and where I'(z) is the Euler gamma function [26].
Substituting Egs. (41) and (42) into Eq. (40), we obtain
— w*(4 — B,) cos wt — 9w’ B, cos 3wt
B~ (- & 20— DIk +1) ,
2j + Dot] =
D 2 TG — 1 2tk — — G 1 o SO+ e

n=0

(40)

(41)

(42)

(43)

and setting the coefficients of the resulting items cos wz (j = 0) and cos wt (j = 1) equal to zero, respectively,

yields

41 B Z( orek -+

—w*(A — BZ)+ZAn+l < (k) (n — k)

)

4! B I~ (= D)*2(k — DI(k + 1)
9By + Z A kz:; ST+ Di(n— k)

2 [ 4
—w*(A—-B
( 2)+A A_4B, =0,

24+ 2By —2\/A* —44B,
By\/A* — 448,
In Eq. (47) the following relations have to be taken into account:
n k
Z (=1 2rk +1 _ 2k + D
VAR (n— R A

i4"n!B§2F(k+%)_ 2 [ 4
LA™ aml)? AV A—4By

while in Eq. (48) the following expressions have been considered:

i (=120 = DIk +3) _ 2T @+ Pnt+ 200 = DI (2 + )]
= Jmkl(n — k)\(1+ k)! Van+ Dinla =10

which can be written as follows:

—9w*B; + =0.

B i (=D 4"nles 2T (n+Hn! +2(n— DIF(n+3)]  —24+ 2B, +2\/A* — 44B, .

A Va(n+ Dinl(n — 1! B By\/A* — 44B,

These results have been obtained using Mathematica™.

(44)

(45)

(46)

(47)

(48)

(49)

(50)

(1)
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From Egs. (46) and (47) and once again by using Mathematica®™ we can obtain w, and B, as follows:

89
(2159 + 2254/106)'/3

2 y 1237330058
ox4) = \/A(A —By)\NAd—4aB,~ 4 3)

With this value for B, Eq. (22) can be written as
V5() = 1.101581 A4 cos(wzt) — 0.101581 A4 cos(3wa?). (54)

The percentage error for the second-order approximate frequency is

A
By=—; l(2159 +225v106)% — 6 — 1 =0.101580744, (52)

Wex — W2

percentage error = ‘ x 100 = 1.275%. (59)

Wex

As we can see, this error is lower than the error obtained by Mickens (1.55%) and we can conclude this is the
percentage error obtained when the second-order harmonic balance method is exactly applied to Eq. (1).

The second-order harmonic balance method was used to obtain three approximate frequencies for a
nonlinear singular oscillator. The first approximate frequency, w;s», was obtained by rewriting the nonlinear
differential equation in a form that does not contain the y*' term, while the second and the third ones, wwp»
and w,, were obtained by solving the nonlinear differential equation containing the y~' term. The second-
order approximate frequency wwr » is obtained by using the approach by Wu and Lim [19-21]. This approach
can be described as a linearisation of the harmonic balance method, and works pretty well for the chosen
problems. Because the harmonic balance method does not eliminate the secular terms systematically, it is
difficult to obtain second- and higher-order approximate solutions by the harmonic balance method. But this
approach eliminates this difficulty and may be applied to other nonlinear oscillators. We can conclude that
Eqgs. (52) and (53) are valid for the complete range of oscillation amplitude, including the limiting cases of
amplitude approaching zero and infinity. Excellent agreement of the approximate frequencies with the exact
value was demonstrated, and discussed, and the discrepancy between the third approximate frequency, w,,
and the exact value never exceeds 1.28%. The approximate frequency, w,, derived here is the best frequency
that can be obtained using the first-order harmonic balance method, and the maximum relative error was
reduced as compared with the approximate frequencies w,,» and wwy . Finally, we discussed the reason as to
why the accuracy of the approximate frequency, w,, is better than that of the frequency w,,» obtained by
Mickens. This reason is related to the number of harmonics that application of the second-order harmonic
balance method produces for each differential equation solved.
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C02-02, and by the “Generalitat Valenciana™, Spain, under project ACOMP/2007/020.
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